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1. Abstract
An ∞-category is a notion of categories up to coherent homotopy. The spectral algebraic
geometry in terms of ∞-categories, introduced by Lurie is a generalization of algebraic
geometry.
Recently, Blumberg-Gepner-Tabuada [3] gave a characterization of the algebraic K-
theory in terms of ∞-category theory. Blumberg-Mandell [5] showed that the K-theory
of bounded modules over a connective E∞-ring R is equivalent to the K-theory of π0R.
In this thesis, we study the K-theory on higher modules in spectral algebraic geom-
etry. We relate the K-theory of a category of finitely generated projective modules on
certain affine spectral schemes with theK-theory of ordinary category of finitely generated
projective modules on ordinary schemes.
2. Preliminary
2.1. Terminology of ∞-categories
Although there are a lot of languages of higher category theory, we use the same notation
in Lurie’s book [10] and paper [11].
For an ∞-category C [10, Definition 1.1.2.4] and objects x, y ∈ C, let MapC(x, y) be
the mapping space between x and y, which becomes an ∞-category. We denote by Cop
the opposite ∞-category of C.
Let S∗ be the ∞-category of pointed spaces [10, Definition 7.2.2.1]. The stable ∞-
category of spectra, Sp, is obtained by the stabilization of S∗ (cf. [11, Section 6.2.2]),
which has a canonical symmetric monoidal structure induced from the cartesian products
on S∗ [11, Example 6.2.4.13, 6.2.4.17]. An ∞-category CAlg(Sp) of algebra objects in
Sp [11, Definition 2.1.2.7] is denoted by CAlg. An object of CAlg is called an E∞-ring.
We denote by S the initial object in CAlg, which is called the sphere spectrum. We say
that a spectrum E is connective if πnE ≃ 0 for n < 0.
For an E∞-ring R, we also have an ∞-category ModR(Sp) which is called the ∞-
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category of R-module of Sp [11, Section 4.2]. We denote by ModR.
We also introduce the finitely generated projective modules over E∞-rings as follows,
which is defined in [11, cf. Proposition 7.2.2.7].
Definition 5.1. Let R be a connective E∞-ring and M an R-module. We say that M
is finitely generated projective if it is a retract of a finitely generated free R-module. We
denote by ModprojR the ∞-category of finitely generated projective R-modules.
2.2. Algebraic K-theory of ∞-category
Let C be a pointed ∞-category (cf.[10, Definition 7.2.2.1]). A generalization of Wald-
hausen categories to ∞-categories is given by Blumberg-Gepner-Tabuada [3] and Bar-
wick [1]. In this thesis, we use the notation w∞-cofibrations (and w∞-fibrations) for a class
of morphisms called igressive morphisms in [1]. In terminology of [3], a w∞-cofibration is
called a cofibration.
Let C be a pointed ∞-category with w∞-cofibrations. The algebraic K-theory of C is
defined by the formula
K(C) = Ω|S•(C)|,
where S• is the S•-construction [4, Section 2.5] and | − | is the geometric realization [10,
Notation 6.1.2.12].
Let R be a connective E∞-ring. Let ModprojR be an ∞-category of finitely generated
projective R-modules. Since it is a full ∞-subcategory of the stable ∞-category ModR
and has finite products, it is an additive ∞-category [11, Definition 2.4.3.5].
For a stable ∞-category ModR, we define a class of w∞-cofibrations in ModR by all
morphisms. We make into ModprojR to be an ∞-category with w∞-cofibrations as follows.
Declare a morphism f : P1 → P2 in ModprojR to be a w∞-cofibration if it is a w∞-
cofibration in ModR and the cofiber of f is an object in Mod
proj
R .
Note that such a morphism is always split. We call it a split w-cofibration.
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2.3. Relative categories and their localizations
A relative category is a pair (C,W ) consisting of a category C and a subcategory W ⊂ C
whose objects are the objects of C and whose class of morphisms is a certain class of
morphisms in C. The morphisms inW are called weak equivalences. For relative categories
(C,W ) and (C ′, W ′), a functor (C,W ) → (C ′, W ′) of relative categories is defined by a
functor C → C ′ which sends W in W ′.
Let Set∆ denote the category of simplicial sets. Let Cat∆ denote the category of
simplicial categories. There is a simplicial nerve functor N∆ : Cat∆ → Set∆ which is the
right Quillen functor of model categories,
C : Set∆  Cat∆ : N∆,
where the model structure on Set∆ is Joyal model structure and that on Cat∆ is Bergner
model structure [10, Definition A 3.1.5]. They induce the Quillen equivalence [10, Theo-
rem 2.2.5.1].
Definition 5.2 (Relative nerve [11] Definition 1.3.4.1). Let C be an ∞-category, and W
a collection of morphisms in C.
(i) We say that a morphism f : C → D exhibits D as an ∞-category obtained from C
by inverting the set of morphisms W if, for every ∞-category E , the composition
with f induces a fully faithful embedding Fun(D, E) → Fun(C, E) whose essential
image is the collection of functors C → E which carry each morphism in W to an
equivalence in E .
(ii) In the case of (i), the ∞-category D is determined uniquely up to equivalence by C
and W , which is denoted by C[W−1].
(iii) If C is an ordinary category and W is a collection of morphisms in C, we proceed
the above construction for N∆(C) and denote the ∞-category N∆(C)[W−1].
We call N∆(C)[W−1] the relative nerve of (C, W ).
5
3. R-modules in the sense of
Elmendorf-Kriz-Mandell-May
In 1990s, Elmendorf-Kriz-Mandell-May introduced a certain symmetric monoidal category
of spectra called S-modules. For an algebra object R in the category of S-modules, they
also defined a certain model category of spectra called R-modules, which we denote by
MR. We assume that MR is endowed with a model structure which is defined by [7, VII,
Section 4].
To relate MR with ModR, we use the notion of symmetric R-modules with a certain
model structure which we recall in [9]. By the study of Schwede [15, Section 2] which
asserts MR is Quillen equivalent to the model category of symmetric R-modules, we
obtain the following equivalence of ∞-categories.
Proposition 5.3. There is an equivalence of ∞-categories
N∆(M◦R)[W−1MR ] ≃ ModR. (5.1)
3.1. Sequences of subcategories in MR and ModR
We define the notion of perfect R-modules in the category of R-modules in the sense of
Elmendorf-Kriz-Mandell-May, and prove the correspondence in Lemma 5.6 between the
perfect R-modules in the sense of Elmendorf-Kriz-Mandell-May and the ∞-categorical
perfect R-modules.
Definition 5.4. A connective ring spectrum R is coherent if π0R is coherent (i.e. every
finitely generated ideal is finitely presented as π0R-module) and πnR is a finitely presented
π0R-module for n ≥ 0.
Definition 5.5. Let R be a connective E∞-ring.
(i) We say that an R-module M in ModR (resp. in MR) is a discrete R-module if its
homotopy group πnM vanishes if n ̸= 0.
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(ii) We say that an R-module M in ModR (resp. in MR) is Tor-amplitude ≤ n if, for all
i > n, πi(M ⊗R N) = 0 for any discrete R-module N (resp. any cofibrant discrete
R-module N).
(iii) For a coherent E∞-ring R, let ModperfR denote an ∞-category of perfect R-modules.
We define an ∞-category Modn,pR by a full ∞-subcategory of Mod
perf
R consisting of
the objects which are connective and have Tor-amplitude ≤ n.
(iv) For a coherent ring spectrum R, let MpR ⊂ MR denote a full subcategory spanned
by those R-modules such that πnM = 0 for sufficiently small n, πmM is finitely
presented π0R-modules for every m ∈ Z and there exists n such that M has Tor-
amplitude ≤ n.
(v) For a coherent ring spectrum R and a positive integer n, we define a category
Mn,pR ⊂ M
p
R by a full subcategory of those connective R-modules of Tor-amplitude
≤ n.
Note that, if R is a connective coherent E∞-ring, by [11, Proposition 7.2.5.23 (4),
Proposition 7.2.5.17], the condition of perfectness is described by the condition on homo-
topy groups as Definition 5.5.
By the equivalence (5.1), we obtain the following equivalence of subcategories.
Lemma 5.6. We have N∆((Mn,pR )c)[W
−1
MR ] ≃ Mod
n,p
R .
4. Comparison of ∞-categorical and
Waldhausen K-theory
There exist mapping cylinders and mapping path spaces in the category MR. We sum-
merize the results on the relation between the category of symmetric spectra and the
∞-category of spectra.
Let C be a subcategory of MR which is closed under weak equivalences. Then, the
mapping cylinder (resp. mapping path space) gives the functorial factorization of any
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morphism between cofibrants in C into a cofibration followed by a weak equivalence (resp.
any morphism between fibrants in C into a weak equivalence followed by a fibration).
Recall the Waldhausen K-theory in [17]. In this thesis, we use the notation w-
cofibrations for a class of morphisms called cofibrations in terminology of [17].
Let C be a subcategory of a pointed model category A, Cc and Cf the category of
cofibrants and fibrants respectively. Let us introduce a structure of Waldhausen category
on Cc as follows : co(Cc) consists of cofibrations whose cofiber lies in Cc and WCc consists
of weak equivalences between cofibrant objects. Also, let us introduce a structure of
Waldhausen category on (Cf )op as follows: co((Cf )op) consists of fibrations in Cf whose
fiber lies in Cf and W(Cf )op consists of weak equivalences between fibrant objects.
Definition 5.7. Let C be a subcategory of a pointed model category A, Cc and Cf the
category of cofibrants and fibrants respectively.
(i) We say that the Waldhausen category Cc defined above admits the functorial fac-
torization of w-cofibration if any weak w-cofibration is factored functorially as a
w-cofibration followed by a weak equivalence.
(ii) We say that a Waldhausen category (Cf )op defined above admits the functorial fac-
torization of w-fibrations if any weak w-fibration is factored functorially as a weak
equivalence followed by a w-fibration in Cf .
(iii) We call the following condition saturated : a morphism is a weak equivalence if and
only if it is an isomorphism in the homotopy category [6, Theorem 6.4].
Note that a model category is saturated.
If a Waldhausen category satisfies the conditions in Definition 5.7, its Waldhausen
K-theory is equivalent to the algebraic K-theory of its relative nerve by the following
theorem.
Theorem 5.8 ([3] Corollary 7.12 ). Let C0 be a Waldhausen category which admits func-
torial factorization of w-cofibrations and is saturated. Let W ⊂ C0 be the category of weak
equivalences.
Then there is an zigzag of equivalences
K((C0,W )) ≃ K(N∆(C0)[W−1]),
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where the left hand side is obtained the Waldhausen K-theory defined in [17] and the right
hand side is the algebraic K-theory of ∞-category.
4.1. The equivalence K(ModprojR ) ≃ K(Mod
perf
R )
By using the consequences that we have stated in the sections above, we show an equiv-
alence between the algebraic K-theory of perfect R-modules and the algebraic K-theory
of finitely generated projective R-modules.
By a fiber sequence we mean a sequence which induces a long left exact sequence of
homotopy groups.
Definition 5.9. Let C be a full subcategory of a pointed model category. Let us take
a cofibration between cofibrants such that its cofiber lies in Cc (resp. fibration between
fibrants such that its fiber lies in Cf ) as a w-cofibration (resp. a w-fibration). We say that
C satisfies the assumption (A) if it satisfies the following conditions:
(i) C is closed under extensions.
(ii) The w-cofibrations make Cc into a Waldhausen category.
(iii) The category (Cf )op becomes a Waldhausen category by the w-fibrations in C.
(iv) C is saturated.
(v) Cc (resp. Cf ) has functorial factorizations of w-cofibrations (resp. w-fibrations)
respectively which is defined in Definition 5.7.
(vi) Let W denote the category of weak equivalences in C. Then, the homotopy category
of N∆(C)[W−1] is additive.
Since the category (Mn,pR )◦ (resp. ((M
n,p
R )
f )op ) is closed under weak equivalences, it
has mapping cylinders (resp. mapping path spaces). Therefore, the following proposition
holds.
Proposition 5.10. The category (Mn,pR )◦ (resp. ((M
n,p
R )
f )op ) admits the functorial
factorizations of w-cofibrations (resp. w-fibrations).
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The following theorem gives a generalization of the resolution theorem in Quillen’s
K-theory to Waldhausen’s K-theory.
Theorem 5.11 (cf. [14] Theorem 1.13). Let A ⊂ B be an inclusion of full subcate-
gories of a pointed model category. Assume that A and B satisfy the assumption (A) in
Definition 5.9.
Let A(m,w) (resp. B(m,w) ) be a full subcategory of the functor category Fun([m], A)
(resp. Fun([m], B) ) which consists of the functors taking values in the category of weak
equivalences wA in A (resp. wB in B ). Assume that, for each m ≥ 0, A(m,w) ⊂ B(m,w)
satisfies the following conditions called the resolution condition:
(i) Closed under extensions,
(ii) For any B ∈ B(m,w), there exists A ∈ A(m,w) and a w-fibration A → B,
(iii) For any fiber sequence A′ → A → B in B(m,w), A′ is an object in A(m,w) if
A ∈ A(m,w).
Then, A ⊂ B induces an equivalence K(Ac) ≃ K(Bc) for Waldhausen categories Ac and
Bc obtained by (A)-(ii).
Let A ⊂ B ⊂ MR be an inclusion of full subcategories of a pointed model category
such that A and B satisfy the assumption (A) in Definition 5.9. Assume that, if A ∈ A
is weakly equivalent to a cofibrant object M in MR, M is an object of A. Assume that
A ⊂ B satisfy the resolution condition in Theorem 5.11 for m = 0. Then, A ⊂ B satisfies
the assumption of Theorem 5.11.
By applying Theorem 5.11 to the inclusion Mn,pR → M
n+1,p
R , we obtain the following
proposition.
Proposition 5.12. Let R be a connective coherent E∞-ring. Let Mn,pR → M
n+1,p
R be the





We define a w∞-cofibration X → Y of Modn,pR if it is a w∞-cofibration in ModR and
its cofiber lies in Modn,pR . Note that we have MapModn,pR (A, B) = MapM
n,p
R
(A, B) for every
cofibrant-fibrant objects A and B in Mn,pR .
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Then, by Theorem 5.8, the Waldhausen K-theory K((Mn,pR )◦) is equivalent to the
algebraic K-theory K(Modn,pR ). Moreover, since the algebraic K-theory commutes with
filtered colimits, consequently we obtain the following proposition by taking the colimit
with respect to n ≥ 0.
Proposition 5.13. For a connective coherent E∞-ring R, K(ModprojR ) ≃ K(Mod
perf
R ).
5. The main theorem of this thesis
By using the consequence of Barwick-Lawson, we prove Theorem 5.15. Let R be a con-
nective E∞-ring with only finitely many non-zero homotopy groups. Let ModprojR and
ModperfR be the ∞-categories of finitely generated projective R-modules and perfect R-
modules respectively.
Here we recall the notion of regularity on R.
Definition 5.14 ([2] Proposition 1.3). Let R be a coherent E∞-ring defined in Defini-
tion 5.4.
(i) We say that an R-module M is coherent if it has only finitely many homotopy
non-zero homotopy groups which are finitely generated as π0R-modules.
(ii) R is almost regular if any coherent R-module has Tor-amplitude ≤ n for some
n ∈ Z≥0.
(iii) R is regular if π0R is regular and R is almost regular.
Let Pπ0R be an ordinary category of finitely generated projective π0R-modules. Barwick-
Lawson [2] showed that, if R is a regular E∞-ring with only finitely many non-zero ho-
motopy groups, K(ModperfR ) is equivalent to the K-theory of the ordinary category Pπ0R.
Since ModprojR is spanned by objects which are retract of R
n for some n ≥ 0, any finitely
generated projective R-module has only finitely many non-zero homotopy groups if a
connective E∞-ring R has only finitely many non-zero homotopy groups.
We obtain the following main theorem for K(ModprojR ). The statement is an analogy
of the result of Barwick-Lawson for K(ModperfR ).
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Theorem 5.15. Let R be a regular E∞-ring with only finitely many non-zero homotopy
groups. Then, there is a weak equivalence K(ModprojR ) ≃ K(Pπ0R).
Remarks for Theorem 5.15
As a key lemma for Theorem 5.15, we show the equivalence K(ModprojR ) ≃ K(Mod
perf
R ).
The difficulty in showing the equivalence is that the resolution theorem [8, Theorem 2.1]
is not established in the K-theory of ∞-categories.
Recently, Mochizuki [14] proved the resolution theorem in Waldhausen K-theory with
certain assumptions which is explained in Theorem 5.11. We construct the relation be-
tween certain subcategories in MR and in ModperfR respectively, and apply his resolution
theorem to the sequence of subcategories in MR.
We remark that Lurie also shows the equivalence K(ModprojR ) ≃ K(Mod
perf
R ) in the
completely ∞-categorical setting for a connective E∞-ring R in his lecture [12]. It is a
different kind of proof from ours.
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